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The stability of boundary layers on sharp-nosed cones with elliptical cross sections is assessed using linear
stability theory and crossflow correlations. The objective is to identify a configuration for wind-tunnel testing
that exhibits significant crossflow but also possesses a sufficient laminar region for boundary-layer stability prob-
ing. Parabolized Navier-Stokes computer codes were used to calculate the mean flow about cones with eccentri-
cities of 1.5:1, 2.0:1, and 4.0:1 at a freestream Mach number of 7.95 and freestream unit Reynolds number of
3.3 X 10° m~ L. Correlations indicated that transition was possible on each configuration at the above conditions.
All three configurations showed unstable, inflectional velocity profiles and boundary-layer thickening along the
centerline (minor axis) due to the influx of low-momentum fluid. Crossflow separation was observed on the 2.0:1
configuration. Linear stability theory was used to calculate stationary crossflow N factors on all three configu-
rations, and to calculate traveling-wave N factors on the 1.5:1 and 2.0:1 configurations. All three configurations
showed crossflow instability, with the 4.0:1 configuration attaining the highest N factors. The 1.5:1 and 2.0:1 con-
figurations were unstable to a broad spectrum of traveling waves, with the highest N factors attained on centerline,

due to the unstable profiles there.

Nomenclature

e = eccentricity, ratio of ellipse major to minor diameters

f = frequency, kHz

H = compressibility factor,'® dimensionless

h = enthalpy, J/kg

i = mesh index in wall-normal direction (Fig. 2)

j = mesh index in circumferential direction (Fig. 2)

k = mesh index in axial direction (Fig. 2)

L = model length, 1.016 m, or dimensionless wall cooling
factor in modified crossflow Reynolds number!®

M = Mach number

N = logarithm of the ratio of local to initial disturbance
amplitudes

D = pressure, N/m?

q = heat flux, W/m?

R = universal crossflow parameter, Recfpew U, /Winax, With
U, /W in percent

Re = Reynolds number

Reg = crossflow Reynolds number, w819/ v. (Ref. 16)

Rectnew = new crossflow Reynolds number, H L Re.; (Ref. 16)

St = Stanton number, § /{0, Us[A(To) — h(T,)]1}

T = temperature, K

U = velocity componentin direction of edge velocity and
tangent to model surface, m/s

Winax = maximum crossflow velocity, m/s

X = axial coordinate (Fig. 2), m

y = spanwise coordinate (Fig. 2), m

z = vertical coordinate (Fig. 2), m

o = elevation angle in spherical coordinate system, deg
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= azimuthal angle in spherical coordinate system, deg
boundary-layerthickness, perpendicular to model, m
= height above wp,x point where crossflow is 10% of
Wax, M

computational radial coordinate perpendicular to
model, m

angular coordinate, deg (Fig. 2), or momentum
thickness, m

= disturbance wavelength, m

kinematic viscosity, m?/s

density, kg/m?

= disturbance wave angle (normal to constant phase
line) relative to edge velocity, deg

<LD < >
1l

Subscripts

= crossflow

unit, per meter

wall conditions

freestream conditions, upstream of model bow shock
= stagnation conditions

oge =g
1l

Introduction

REVIOUS work on hypersonic boundary-layer transition has

focused on axisymmetric or two-dimensional flows. Most real-
istic configurations, however, include regions of three-dimensional
flow. The stability and transition characteristics of three-dimen-
sional boundary layers differ significantly from those of two-dimen-
sional boundary layers. The most fundamental differenceis that, in
addition to the instability waves present in two-dimensional or ax-
isymmetric flow, three-dimensional flows may contain crossflow
instabilities. These instabilities are corotating vortices that are es-
tablished when the boundary-layeredge flow direction differs suf-
ficiently from the flow direction lower in the boundary layer." This
crossflow is established by a spanwise or circumferential pressure
gradient, which induces a flow component perpendicularto the lon-
gitudinal axis of a body. Because the interior boundary-layer fluid
possesses lower momentum than the boundary-layeredge fluid, the
interior fluid is skewed more sharply than the exterior fluid. This
shearing induces vorticity with a streamwise component. Vortices
that increase in strength in the streamwise direction may be set
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up. Under some conditions, these crossflow vortices may be the
dominantdisturbanceleading to transition. These vortices may also
convect to produce nonzero-frequencydisturbances.!2

Few stability computations for hypersonic, three-dimensional
boundary layers exist.’> Essentially no experimental stability data
exist for these flows. For this reason, it was decided that the ex-
tensive experimental database acquired by U.S. Air Force Wright
Laboratory* on axisymmetric hypersonic boundary-layer stability
should be extendedto three-dimensionalconfigurations. An elliptic
cone configuration was chosen as the candidate test geometry be-
cause of its resemblance to practical flight configurations and the
geometricaladvantagesit offers for probe measurements. The cross-
flow is established by the pressure differential between the major
and minor axes, which causes flow from the high-pressure major
axis (leading edges) to the minor axis (top and bottom centerlines).

Computational analysis was required to select an elliptic cone
geometry. The design objective was to develop a configuration that
exhibits significant crossflow but presents enough laminar area to
measure the stability characteristics of the boundary layer prior to
transition. This paper presents the results of parabolized Navier-
Stokes (PNS) and linear stability computations of the flow around
three elliptic cone configurations of ellipticity e = 1.5, 2.0, and 4.0.
The model half angle in the centerline plane was fixed at 7 deg for
each configuration. The model length was 1.016 m in eachcase. Cal-
culationswere carried outfor Mo, =7.95and Re,o, = 3.3x10° m™!
to match test conditionsin Arnold Engineering Development Center
(AEDC) Tunnel B. Transition correlations were used to identify can-
didateconfigurationsfor more detailed analysis. Computations were
carried out for an adiabatic wall corresponding to flowfield probe
measurement conditions, and for a cold wall with 7,,/T, =0.42
(T,, =303 K), corresponding to measurement conditions for the
mean heat transfer.

Previous Work

A large portion of the literature on three-dimensionalhypersonic
transition deals with cones at angle of attack. Elliptic cone exper-
iments of any type are relatively rare. Most elliptic cone measure-
ments have centered on pressure distributions or forces and mo-
ments. Experimental data on heat transfer, the boundary layer, and
transitionare extremely limited. Heat transfer data were obtained on
sharp- and blunt-nosed elliptic cones at M., =10 and 14 (Ref. 5).
The data for a sharp-nosed elliptic cone of eccentricity e =1.43 at
M., =10, replotted in Fig. 1, show the beginning of transition near
the top centerlineof the model. This behavioris qualitativelysimilar
to the transition of cones at angle of attack, where the most forward
point of transition is usually on the lee centerline5~!" Other fea-
tures in the heat transfer analogous to cones at angle of attack are
the increased heat transfer on the leading edge, due to the higher
stagnation-lineshear, and the lower heat transfer on the top center-
line, due to the boundary-layerthickening caused by the influx of
fluid at this location.

Crossflow instabilities in supersonic and hypersonic flow have
generally been inferred experimentally from the observation of
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Fig. 1 Stanton number contours for ¢ = 1.43 cone at M « = 10.

streaks in surface visualizations. Such streaks were observed in
temperature-sensitive paint on the surface of a swept cylinder
at M., =10 (Ref. 12). The wavelengths of these streaks agreed,
within experimental scatter, with predictions of crossflow wave-
lengths. Streaks were also observed on a sweptcylinderat M, = 5
using temperature-sensitive liquid crystals.!* The boundary-layer
edge Machnumbers for these cases were supersonic,however, rather
than hypersonic, on account of the model geometry. Streaks were
observedon a cone at angle of attack at M, = 8 using shear-stress-
sensitive liquid crystals."* Numerous investigators have observed
surface streaking at supersonic and subsonic Mach numbers.

Numerous correlating parameters have been proposed to predict
boundary-layertransition. Correlation methods are subject to much
uncertainty, especially when a correlation developed for a specific
configuration is applied to a different configuration. Nevertheless,
correlation methods provide a rapid means of determining the like-
lihood of transition. A crossflow Reynolds number Res between
150 and 200 correlated transition data from a variety of sources
and configurations for 0.3 < M, < 7.4 (Ref. 15). A greater spread
in crossflow transition Reynolds number was observed for rotat-
ing cones and cones at angle of attack,'® and a modified crossflow
Reynolds number was proposed to take compressibility and wall
cooling into account. Transition results from cones at angle of at-
tackat M, =3 and 6 were correlatedby the new crossflow Reynolds
number and the crossflow velocity percentage, 100 Wy, /U.. These
two parameters also correlatedthe N = 9 locationonrotating cones
calculatedby linear stability theory. These resultsindicateda univer-
sal parameter R. Values of R = 44.0 correlatedtransitionunder quiet
conditions, and R =33.7 in conventional facilities, over a range of
0.02 < wi /U, < 0.08.

PNS calculationsfor adiabatic wall elliptic cones of eccentricities
of 2, 3, and 4 at M, =4 have been performed,'” and the crossflow
Reynolds number correlations were applied to these results. The
parameter R for these configurations peaked near the top centerline,
outside the region of validity of the above correlation. Boundary-
layer velocity profiles near the top centerline were inflectional and
unstable.

Results
Computational Procedures

Most of the basic state computations for the laminar boundary
layer were carried out using the UPS PNS code,'® as modified by
Lockheed Martin Tactical Aircraft Systems. The code uses a central
difference scheme for inviscid fluxes and a fourth-order smoothing
model. Additional cold-wall cases were run using the Air Force
Wright Aeronautical Laboratory PNS code." All results presented
in this paper, with the exception of heat transfer, are for adiabatic
wall conditions. The eM** code? was used to calculate boundary-
layer stability.

The coordinate system is shown in Fig. 2. The nose solution for
the firstinch of each model was obtained with a Navier-Stokes nose
solution code. All three computational fluid dynamics (CFD) codes
employed shock fitting to model the outer boundary. The compu-
tational grid, shown in Fig. 3, was generated by distributing points

6=90

Fig. 2 Elliptic cone configuration and coordinate system.
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Fig. 3 PNS computational mesh on e = 2.0 elliptic cone.

along the circumference of the model at each axial cross section (x
constant) and projectingthe radial lines outward, normal to the body,
in the y—z plane. The interior points were spaced algebraically in
two radial layers. The inner layer resolved the boundary layer, and
the outer resolved the remainder of the flowfield. The spacing at the
wall was 100% of even spacing within the inner layer. Spacing at the
edge of the boundary layer was 66% of even spacing. For the outer
layer, the spacing at the shock was 150% of even spacing, and the
spacing at the edge of the boundary layer was set to match the spac-
ing of the neighboring point. Each layer contained approximately
half of the total radial points. The UPS code automatically adapted
the grid to keep the grid layer interface at the edge of the boundary
layer. Solutions were confined to one 90-deg quadrant.

Grid resolution studies were conducted on the e = 1.5 and 2.0
configurations. The grid dimensions i x j x k were changed from
61 x 51 x875t0121 x 61 x 875. Only the fine-grid results are pre-
sented for these configurations. Only a 61 x 71 x 875 case was run
for the e = 4.0 configuration. Results were insensitive to grid reso-
lution except for the high-frequency amplification rates calculated
near the top centerline. At 50 kHz, for example, the amplification
results were about 10% lower when the boundary-layer edge was
less well resolved. Because this frequencyrange and region were of
little consequence to the overall results, no further grid refinement
was undertaken.

The effect of numerical smoothing on the basic state can be
very important for a linear stability code. Too much smoothing can
change the boundary-layerprofile derivativesand lead to erroneous
results. For this study, only fourth-order smoothing was present in
the CFD solution. The smoothingconstantwas halvedforthee = 1.5
fine-grid case to assessthese effects. The only variationsin the linear
stability results were in the region near the edge of the boundary-
layerbuildupnear the top centerline. A finer grid would be desirable
here to resolve the higher flowfield gradientsin this region.

Tests were conducted on the e = 1.5 configuration to determine
the effects of linear stability approximations on stability results.
Results should be qualitatively similar for the other configurations.
Several parameterscontrolthe location of the outerboundary and the
region the eM¥* internal grid is clustered to. Clustering of the eMik
internal grid and the outer boundary location were varied, but no sig-
nificant effects were observed. In the final results, the outer bound-
ary location was set to 20 times the boundary-layerheight, and the
clustering parameter was set to 80% of the boundary-layerheight.

The version of the eM* code used did notinclude the coordinate-
system curvature terms. The axial curvature of the coordinate sys-
tem as it moves along a streamline should be small and of little
consequence, because there is no destabilizing concave curvature.
The transverse curvature should be more like that seen on a conical
body, however. Accordingly, the conical coordinate system curva-
ture terms were introduced into the code to get some idea of their
effect. These showed amplification reductions over many regions
that averaged around 10%. This calculation is not rigorously cor-
rect, but it does give some idea of the accuracy limitations of the
results. A parabolized stability equation code could more easily
include the curvature and nonlocal effects that the present linear
stability analysis ignores.
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Fig. 4 Circumferential distribution of wall-to-freestream static pres-
sure ratios.

Fig. 5 Top view of crossflow velocity contours for e = 2.0 elliptic cone.

Basic State Results

The pressure distributions about the circumference of the three
configurations are shown in Fig. 4. The pressure gradients between
the major and minor axes establishthe crossflows, and the strengthof
the crossflow depends on the magnitudeof these gradients. Contours
of Wy /U, for the e = 2.0 configuration are shown in Fig. 5.
The crossflow contour shapes for the other two configurations were
similar. The maximum crossflows were 6.5, 10, and 14.5% for the
e=1.5,2.0, and 4.0 configurations, respectively.

The crossflow is defined relative to the boundary-layeredge ve-
locity, with positive crossflow defined as inboard toward the model
centerline. The boundary-layeredge velocity is not, in general, par-
allel to a ray emanating from the model nose. At most locations
the edge velocity possesses a component directed inboard due to
the circumferential pressure gradient, and a component directed to-
ward the model surface because the conical bow shock does not
turn the streamlines completely parallel to the model surface. Thus
a boundary-layeredge velocity direction must be defined for each
radial grid line. The total-enthalpy profile was used to identify the
boundary-layeredge, since it is unaffected by shock curvature and
has been shown previously to correlate well with the velocity thick-
ness for circular cones.?' Because the Prandtl number is less than
unity, the total enthalpy profile varies from less than freestreamat the
wall to a peak 3 to 4% above freestream within the boundary layer.
The boundary-layer edge is taken as the location above the peak
where the total-enthalpyis 1.005 times the stagnation enthalpy. At
each circumferentialstation, the boundary-layeredge was identified
and the edge velocity vector tangent to the surface noted. The cross
product of the body normal with the edge velocity vector defined
the crossflow direction for each radial grid line. The 10% maximum
crossflow ratio for the e =2.0 configuration compares to a peak
of about 4% for the e =2.0 configuration at M., =4.0 (Ref. 17).
The increased crossflow in the present study is due to the stronger
circumferential pressure gradient created by the higher Mach
number.

The crossflow is illustrated by the surface (or limiting) and
boundary-layer edge streamlines for the e=2.0 configuration
shown in Fig. 6. The edge streamlines are directed approximately
alongrays from the nose of the configuration,but the surface stream-
lines (computed from the first point off the body surface) are sharply
deflected toward the centerline. The surface streamlinesrun parallel
to but do not cross a locus near the centerline. This featureis typical
of a crossflow separation. Crossflow separation was observed in a
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preliminary calculation'’ for the elliptic cone at Mach 4.0 but not
in a revised calculation??

To further investigate the existence of crossflow separation, sec-
tional streamlines in the crossflow plane are plotted in Fig. 7. These
velocity vectors are described in a spherical coordinate system, in
whicha zero-lengthvectorrepresentseitherzero velocity magnitude
or flow directed entirely along a ray from the origin at the model
nose. The vectors in Fig. 7 represent flow perpendicular to rays
from the origin. Although sectional streamlines may in some cases
be misleading?® Fig. 7 provides strong evidence of crossflow sep-
aration. Crossflow separationis indicated by the liftup of sectional
streamlines from the model surface near 8 =1.2 deg (coincident
with the surface line of convergence) and by the spiral focus located
near B =0.8 deg and o« =7.2 deg. The vortex would be difficult

to identify experimentally on account of its close proximity to the
model body.
The crossflow separation or near-separation has implications for
boundary-layer stability. The boundary-layer thickness in Fig. 8
illustrates the ballooning of the boundary layer near the model cen-
terline. Theseresultsare typical of the other two configurations. This
ballooningis due to the influx of low-momentum fluid from around
the model circumference and increases with increasing crossflow.
This results in an inflected velocity profile typical of a decelerated
boundary layer, as shown in Fig. 9. This boundary layer would be
expected to be unstable, a conclusion born out by the stability re-
sults described below. In contrast, velocity profiles near the leading
edge and the model shoulder are full and typical of accelerated
flows.
Heat transfer for e =2.0 and a cold wall is shown in Fig. 10.
Heat transfer is highest on the leading edge, due to the attachment
line heating. The leading-edge heat transfer decays exponentially
with x, as observed by Burke® for the elliptic cone at Mach 10. The
boundary-layer buildup on the model centerline is reflected in the

low heat transfer at 0 =0 deg.
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Fig. 8 Boundary-layer thickness for the e = 2.0 configuration.
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Fig. 10 Computed heat transfer for the e = 2.0 configuration, 7\, / T
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Transition Correlation Results
Transition correlations based on mean flow parameters are of-

ten the only prediction tool available. Because the flow stability is
related to factors such as Reynolds number and Mach number, tran-
sitioncorrelationsprovideatleasta grossindicatorof whethera flow
is near or far from transition. For these reasons, several transition
criteria were examined for this study.

The conventional crossflow Reynolds number Re is plotted in
Fig. 11 for the e =2.0 configuration. A typical value for crossflow
transitioninincompressibleboundarylayersis Re . = 150. The con-
ventional crossflow Reynolds number over the bulk of the e =2.0
configurationis aboutan order of magnitude larger than this. A scal-
ing was suggested'® to take into account the increase in boundary-
layer thickness that occurs as the Mach number increases because
of thermal blooming. The modified crossflow Reynolds number is
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Fig. 12 Transition correlations.

defined as H L Re ;. Here L is unity for an adiabatic wall, and H is

defined as
5 n(310) T q
n(810) i f n

Because T/T, is one or greater over an adiabatic wall boundary
layer, H is less than one and scales the conventional crossflow
Reynoldsnumberbackintoarangetypical of incompressiblebound-
ary layers near transition.

The loci of R =33.7 locations for the three configurations are
shown in Fig. 12. Although the R =33.7 contours lie, for the most
part, outside the range of 0.02 < wp, /U, < 0.08 for which the
correlation was developed, they do indicate the presence of signifi-
cant crossflow on each configuration. N-factor contours (discussed
in the next subsection) of 4 and 5 are also shown on these plots.
Contours of R =33.7 do not correlate with any particular N factor.

Becausevelocity profiles on the model centerlinesare inflectional
andunstable, traveling-wave-dominatedtransitionmightoccurhere.
To assess centerlinetransition, contours of the correlating parameter
Rey /M, =100 were plotted. In all cases, that value of Re,/M, is
attained on centerlineat less than 20% of the body length, indicating
the instability of this region.

The Reg /M, = 100 contours are nearly coincident with contours
of R=33.7. In retrospect, it might have been expected that their
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Fig. 13 Zero-frequency wave angles and wavelengths for the e = 2.0
configuration.

shapes would be similar. When the crossflow Reynolds number is
multiplied by U, /wn., the dependence on the crossflow velocity
dropsout,'® leavinga Reynolds number based on 6,, and edge values
of U and v. The quantity H is a boundary-layerintegral parameter
like 8, and 6, like H, can be expressed as an integral of temperature
over the boundary layer through the thermodynamic and Crocco-
Busemann relations>* The 10% crossflow thickness 8, is equal to
about 90% of § over most of the elliptic cone. It remains to be seen,
however, whether the contour shapes are similar or even coincident
on other configurations.

Stability Results

Zero-frequencylinear stability analysis was conductedon all con-
figurations, and multiple-frequency analysis was conducted for the
e=1.5 and 2.0 configurations. Zero-frequency wavelengths and
wave angles are illustrated in Fig. 13. The wave angles are inclined
approximately 90 deg to the boundary-layeredge velocity vectors,
i.e., the vortices are approximately aligned with the boundary-layer
edge streamlines. The zero-frequency wavelengths tend to be be-
tween 2 and 3 boundary-layerthicknesses, and can thus be pictured
as being somewhat flattened. The e = 2.0 results are typical of the
other two configurations.

Since the N-factor method is a correlation method, transition
prediction requires that a correlating N factor be chosen. Previous
computationsindicated thata correlating N factor for second-mode-
dominated transition for a 7-deg-half-angle sharp cone in AEDC
Tunnel B is between 4 and 5 (Ref. 25). Experimental studies'* in
the NASA Langley Research Center Mach 3.5 quiet tunnel indi-
cated that the effect of wind-tunnel noise on putatively crossflow-
dominated transition was much less than the effect of noise on
traveling-wave-dominated transition. This effect might be due to
the fact that the wind-tunnel noise field consists primarily of con-
vecting acoustic waves, but stationary crossflow vortices have a
phase velocity of zero. The stationary disturbances might be ex-
pected to be more sensitive to zero-frequency disturbances, i.e.,
perturbations in the mean flow due to model roughness or wind-
tunnel flow nonuniformity. These results imply that transition N
factors for zero-frequency disturbances in AEDC Tunnel B might
be higher than 4 or 5. Without further prior knowledge, an N factor
for crossflow transitionin this facility cannot be determined. There-
fore, an N factor of 5 was chosen as a benchmark value indicating
significant disturbance growth.

Figure 12 shows N = 5 contoursfor zero-frequencydisturbances.
Because the maximum N factor on the e = 1.5 configurationis less
than 5, the N =4 contour is shown instead. The N-factor contour
shapes are similar to the crossflow contours in Fig. 5, indicating
that for these configurations, percentage crossflow is a gross indi-
cator of crossflow instability. The integrating effect of the N-factor
procedure causes the peak N-factor contours to be shifted inboard
slightly relative to the maximum crossflow contours.

Because the top centerline of the model was expected to be unsta-
ble to travelingdisturbances,instabilities with frequenciesof 20, 40,
60, 80, 100, 130, and 160 kHz were also calculated for the e=1.5
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and 2.0 configurations. Figure 14 shows that a large portion of the
e =2.0 cone (typical) is unstable over a broad range of frequencies.
This contrasts with the axisymmetric cone case,?'*> which shows a
well-defined first- and second-mode merged instability region with
damped disturbances outside of this range. The three-dimensional
instability behavior is reminiscent of the leeward centerline of a
7-deg sharp cone at 2-deg angle of attack, which exhibited broad-
band instability.’

N factors were calculated for each of the above frequencies, in-
tegrating along both the streamline and group velocity directions.
The differences between streamline and group velocity integration
were negligible. Contours of 40 and 60 kHz, which attained N =5
earliest, are shown in Fig. 15. These contoursare double-lobed. The
outboard lobe is associated with the region of maximum crossflow,
and the inboard lobe is associated with the unstable profile near
the model centerline. These results are analogous to linear stabil-
ity computations for a cone at angle of attack in supersonic flow,
which also showed a mix of stationary and traveling disturbances,
with high amplification on the leeward centerline due to inflected
velocity profiles there.

Conclusions

The e =4.0 configuration was eliminated as a test configuration
because an N factor of 5 for zero-frequency disturbances occurred
at about 30% of the body length, indicating possible early transi-
tion and leaving little room for probing the boundary layer prior to
transition. Also, the boundary-layerbuildup on the model centerline
was larger than in the other two configurations, indicating a possi-
ble early transition on the centerline, which might contaminate the
off-centerline transition process.

The e=1.5 and 2.0 configurations were unstable to a broad
band of traveling disturbances. These configurations displayed
traveling-wave N factors of 5 early on the model centerline. In the
crossflow region, traveling-wave N factors of 5 occurred at 40-50%
of the model length. Given that N factors of stationary and traveling

waves are roughly equivalent, the transition process is likely to be
mixed-mode, with contributions from both traveling and crossflow
instabilities. It may be necessary in the experiment to place rough-
ness on the model surface to force standing-wave dominance. The
e =2.0 configuration was chosen for fabricationbecause it showed
higher crossflow N factors than the e = 1.5 configuration.

The buildup and instability of the centerline boundary layer is a
problem that must be dealt with in any flight configuration that ex-
hibits inboard-directed crossflow. It is possible that the body might
be contouredin some way to alleviate this buildup and stabilize the
boundary layer. Future research should also consider the blunt-nose
elliptic cone configuration. This configuration offers a more com-
plex but more realistic flight geometry. Also, bluntness can remove
second-modeinstabilitieson axisymmetriccones. If traveling waves
could be sufficiently stabilized, the crossflow instability might be
isolated.
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